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Abstract. We propose an algorithm for nding the roots of the nonlinear eigenvalue problem A( )x = 0 that lie within a specied region of

the complex plane. To this end, we construct a complex function that
has simple poles at these roots and is analytical elsewhere. Then, by
computing the complex moments through contour integration along the
boundary of the specied region, we can locate the poles. Our algorithm
has the advantage that it can nd all the eigenvalues within the region.
Moreover, the computationally dominant part, the evaluation of the contour integral by numerical integration, has large-grain parallelism since
function evaluation at each sample point can be done independently.
Numerical experiments on the Fujitsu HPC2500 supercomputer shows
that our method can actually nd the roots with high accuracy and can
achieve nearly linear speedup using up to 16 processors.

1 Introduction
Given an n n matrix A( ) whose elements are analytical functions of a complex
parameter , we consider the problem of nding the values of for which a
nonzero vector x that satises A( )x = 0 exists. This is known as the nonlinear
eigenvalue problem and the 's are called eigenvalues. The nonlinear eigenvalue
problem has applications in various elds such as nonlinear elasticity, electronic
structure calculation and theoretical uid dynamics. In this paper, we focus on
nding all the eigenvalues that lie in a specied region on the complex plane.
Conventional approaches for the nonlinear eigenvalue problem include multivariate Newton's method and its modications 1], Arnoldi method 2] and
Jacobi-Davidson method 3]. However, Newton's method requires a good initial
estimate for stable convergence. Arnoldi and Jacobi-Davidson methods are efcient for large sparse matrices, but in general, they cannot guarantee that all
the eigenvalues in a specied region are obtained.
In our approach, we construct a complex function that has simple poles
at the roots of the nonlinear eigenvalue problem and is analytical elsewhere.
Then, by computing the complex moments through contour integration along
the boundary of the specied region, we can locate the poles 4]. This method
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has the advantage that it can nd all the eigenvalues in the region. Moreover,
the computationally dominant part, the evaluation of the contour integral by
numerical integration, has large-grain parallelism since function evaluation at
each sample point can be done independently. Thus our algorithm is expected
to achieve excellent speedup in virtually any parallel environments.
We implemented our method on the Fujitsu HPC2500 supercomputer. Numerical experiments using a model problem show that our method can actually
nd the eigenvalues with high accuracy. Also, our method achieved nearly linear
speedup using up to 16 processors for matrices of order 500 to 2000.

2 The algorithm
Assume that A(z ) is an n n matrix whose elements are analytical functions of
a complex parameter z and that we are interested in computing the (nonlinear)
eigenvalues within a closed curve ; on the complex plane. In the following, we
restrict ourselves to the case where ; is a circle. Now, let f (z ) = det(A(z )).
Then f (z ) is an analytical function of z and the eigenvalues are characterized as
the zeroes of f (z ).
To solve f (z ) = 0, we use the method by Sakurai et al. based on complex
contour integral 4]. Assume that there are m distinct roots of f (z ) within ;
and dene the complex moments by
I
p = 21i z p ff ((zz)) (p = 0 1 : : : 2m ; 1):
(1)
;
Then p can be rewritten as
0
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where 1  2  : : :  m are the distinct roots of f (z ) = 0 within ; and 1  2  : : :  m
are their multiplicities 4]. To extract the information on f j g from fp g, we dene the following matrices:
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Dm = diag(1  2      m ) m = diag( 1  2      m ):
(5)
Then it is easy to see that Hm = Vm Dm VmT and Hm< = Vm Dmm VmT . Noting that
Dm and Vm are nonsingular, we can conclude that = j for some 1  j  m if
;

;

;

3

and only if is an eigenvalue of a matrix pencil Hm< ; Hm . Hence, by computing
the complex moments by eq. (1), forming the two Hankel matrices Hm and Hm<
by eq. (3) and computing the eigenvalues of Hm< ; Hm , we can nd the roots
of f (z ) within ; .
In our problem, f (z ) = det(A(z )) and it can be shown that





f (z ) = Tr (A(z )) 1 dA(z ) :
(6)
f (z )
dz
Note that Sakurai and Sugiura propose a complex contour integral method for
the linear eigenvalue problem Ax = x 5]. They use u(A ; zI ) 1 v, where u and
v are random vectors, instead of f (z )=f (z ). While this choice is computationally
more ecient, we didn't adopt this since the Kronecker canonical form, which
is the basis of their approach, is not directly applicable in the nonlinear case.
In the numerical procedure, we use the trapezoidal rule with K points to
compute the complex moments fp g. Also, since we do not know m a priori,
we replace it with some estimate M , which hopefully satises M  m. In that
case, the eigenvalues of HM< ; HM contain spurious solutions of the nonlinear
eigenvalue problem. To get rid of them, we compute the eigenvector xj corresponding to the computed j by inverse iteration, evaluate the relative residual
k A( j )xj k = (k A( j ) k k xj k ), and discard j if the residual is large or
j is outside ; . This works well as we will see in the next section.
hThe computationally
i dominant part of our algorithm is the computation of
1
dA
(
z
)
Tr (A(z )) dz for the K integration points. Since the computation at each
point can be done completely independently, this algorithm has large-grained
parallelism. Hence, it should be able to achieve excellent speedup in virtually
any parallel environments.
0

;

;

0

1

1

1

;

3 Numerical results
We implemented our algorithm using C and MPI and evaluated its performance
on the Fujitsu HPC2500 supercomputer. In parallelizing the algorithm, we distributed the K integration
evenly
h points
i among P processors and performed
1
dA
(
z
)
the computation of Tr (A(z )) dz at these points in parallel. Other parts
of the algorithm, such as the computation of the eigenvalues of HM< ; HM ,
were executed on one processor. We used vendor-supplied optimized LAPACK
routines to compute (A(z )) 1 dAdz(z) and to nd the eigenvalues of HM< ; HM .
The test matrices used are of the form A(z ) = A ; zI + B (z ), where A is a
real nonsymmetric matrix whose elements follow uniform random numbers in
0 1], B (z ) is an anti-diagonal matrix with anti-diagonal elements ez , and is a
parameter that determines the strength of nonlinearity. In our experiments, we
set K = 128 and M = 10 and varied n from 500 to 2000, P from 1 to 16, and
from 0 to 0.1. The center of ; is origin in all cases and the radius of ; is 0.7,
0.7 and 0.5 for the n = 500, 100 and 2000 cases, respectively.
;

;
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We show the results for the n = 1000 and = 0:01 case in Fig. 1. In this case,
it is known that the number of (nonlinear) eigenvalues in ; is 9. Our algorithm
computed 10 candidates from the eigenvalues of HM< ; HM , discarded one of
them (the open diamond) as the spurious solution since the residual was around
10 2, and output 9 solutions (the solid diamonds). The residuals for these nine
solutions were all under 10 11. Hence, our algorithm succeeded in locating all
the eigenvalues in ; with high accuracy. The situation was similar in other cases
and our algorithm always found the correct number of eigenvalues in ; with high
accuracy. We also show the execution time as a function of n and P in Fig. 2.
It is clear that almost linear speedup is achieved for all the cases.
;

;
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Fig. 1. Computed eigenvalues for the
n = 1000 and  = 0:01 case.
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Fig. 2. Execution time of our algorithm
on Fujitsu HPC2500.

4 Conclusion

We proposed a new algorithm for the nonlinear eigenvalue problem A( )x = 0.
Our algorithm has the ability to nd all eigenvalues within a specied region
on the complex plane. Also, it is expected to achieve excellent parallel speedup
thanks to the large-grained parallelism. These advantages have been conrmed
by numerical experiments. More numerical results will be given at the conference.
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